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1. INTRODUCTION

Let X be a reflexive Banach space and M a Chebyshev subspace of X. The
metric projection (nearest point map) supported by M is denoted by P(M).
A long standing problem in approximation theory is to determine necessary
and sufficient conditions that P(M) be norm continuous for all Chebyshev
subspaces M contained in X. Whenever M is a finite dimensional Chebyshev
subspace, a compactness argument shows that P(M) is norm continuous.
Necessary and sufficient conditions that P(M) be norm continuous whenever
M has finite codimension have been given in [4, Theorem 14] and
[1, Theorem 8]. In the case of nonreflexive Banach spaces, examples have
been givenin [7, p. 87}, [5, Example 4], [1, Theorem 36] and [9, Theorem 4] of
finite codimensional subspaces which do not have norm continuous metric
projections.

In [4] a study of the weak sequential continuity of the metric projection
was initiated in the hopes of possibly finding a parallel attack to the problems
concerning the norm continuity of the metric projection. The following
necessary and sufficient condition for the weak sequential continuity of the
metric projection was found [4, Theorem 11].

THEOREM (Holmes). Let X be a reflexive Banach space, M a Chebyshev
subspace. Then the following are equivalent:

(a) P(M) is weakly sequentially continuous.
(b) {xeX|PMXx) =0} is weakly sequentially closed.

Weak sequential continuity was studied, since in the proof of the above
theorem, an application of the uniform boundedness theorem was used, thus
insisting that sequences be used and not nets. Some questions concerning
weak continuity of the metric projection have been studied in [10].

A simple corollary to the above theorem shows that whenever X is a
reflexive Banach space and M is a Chebyshev subspace of finite codimension,

350

Copyright © 1974 by Academic Press, Inc.
All rights of reproduction in any form reserved.



METRIC PROJECTION IN L, SPACES 351

then P(M) is weakly sequentially continuous, whenever P(M) is norm
continuous. In particular, this occurs in the L, spaces, 1 << p < c0. When
the dimension of M is finite, the question of the weak sequential continuity
of the metric projection is left open.

This paper is devoted to answering the question concerning the weak
sequential continuity of the metric projection onto a subspace of finite
dimension in an L, space. The work exhibits the weak sequential closure of
the kernel of the metric projection, in order to apply the criterion of Holmes.
It is found that for any finite dimensional subspace of an L, space over a
separable nonatomic measure space, the weak sequential closure of the
metric projection is the entire L, space. Hence the metric projection is not
weakly sequentially continuous.

In another paper, we will. discuss the results pertaining to L, spaces over
measure spaces which contain atoms. Such spaces will admit weakly sequen-
tially continuous metric projections.

In this work, if we denote a Banach space as X, X* denotes the space of
continuous linear functionals on X. The symbol (.,.) is used to denote the
duality relationship of X with X*. It will sometimes be used to denote an
ordered pair in a product space. Its use will be clear from the context. U(X)
will be the closed unit ball of X, thatis, UX) = {xin X ||| x| < 1}. S(X) will
denote the closed unit sphere: S(X) = {xin X ||| x| = 1}. If M is a subspace
of X, S(X) N M will be denoted by S(M). M* will designate the set of linear
functionals in X* which are identically zero on M. The convergence of x,
to x in the weak topology will be noted by x,, — x, and the norm convergence
of x, to x will be denoted x,, — x.

R will signify the real number field. R* will denote the set of positive real
numbers. 4 A B is the set (4\B) U (B\4). x, denotes the characteristic
function of 4. The real valued function sgn(-) is defined via sgn(0) = 0 and
sgn(x) = x/| x |, for x # 0. The set valued function supp(-) is defined on a
function space R¥ as follows: if fis in R¥, then supp( /) = {xin X | f(x) # O}.
The abbreviation clspan denotes closed span. All other notation and
terminology follows [2].

DeriNITION 1.1. Let M be a subspace of a Banach space X. M is a
Chebyshev subspace if x in X implies inf{|| x — m|| | m in M} is attained at a
unique element of M. Let M be a Chebyshev subspace of a Banach space X.
Then P(M): X — M is the metric projection of X on M defined via
inf{|| x —m|| | min M} =|| x — P(M)(x)|. Let k(M) = {x in X | P(M)(x) = 0}
Let K(M) be the weak sequential closure of k(M). We recall that if X is a
Banach space, M a Chebyshev subspace, then

kM) = () {xinX|L(x) =|x[}

LeS(M®)
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DeFiNITION 1.2.  Let X be a Banach space. Let f* X — X. Then f'is weakly
sequentially continuous if and only if x, — x implies f(x,) — f(x).

2. Tue L, CASE

This section contains the major result of this paper. First, we formulate
the results for the measure space of the real number field, Borel subsets,
and Lebesgue measure: (R, B, m). We are interested in finding the finite
dimensional subspaces M in L, (R, B, m) such that P(M)is weakly sequentially
continuous. Theorem 2.1 shows that no such M exists in Ly(R, B, m) for
p # 2. This section concludes with a sketch extending the results from
(R, B, m) to a separable nonatomic measure space.

DeFINITION 2.1. Let (X, W, u) be a measure space with a positive real
valued measure. L, (X, W, u) is the space of real valued u-measurable
functions satisfying, f is in L,(X, W, p) if and only if (Jx | f|? du)'/® < oo,
where 1 << p < 0.

It is well known that whenever | < p << oo, then L (X, W, w)is a reflexive,
rotund, smooth Banach space with (L,)* = L, where 1/p + 1/g =1
[6; p. 360], [2; p. 89].

For the remainder of this paper let 7 denote the duality map from
L, (X, W,p) to L(X, W,pn) given by Tf(x) = | f(x)|”!sgn( f(x)); The
following two lemmas are elementary properties of this map 7.

LeMMa 2.1. Let a; be real numbers. Let g; be in S(L,(X, W, p)) with
supp g; be}g'ng pairwise disjoint, i = 1,...,. k. If r = Z?=1 a;Tg;, then
frlly = i | @ 1772

Proof. |irle=1[J1 X aiTg: 11" = [X|a;|*[| Tg; |I* = [X | a; [T/
Q.E.D.

Note that in the above proof we have used the fact that Tg; is in
S(L(X, W, w)) and that supp Tg, are the pairwise disjoint, i = 1,..., k.

LEMMA 2.2. Let r be defined as above. Then r attains its norm on
S(span(g; | i = 1,..., k)).

Proof. Lets = Zle b;g; . Then

(s,r) = (Z b;g:, Z a:iTg:i) = Z ab(g;, Tg) = Z ab;.
i j 7 i
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To satisfy the propasition we must find b, , i = 1,..., k such that

2, aib: = (Z | a; I")I/q and (Z | b; l”)w = 1.

i i

Bus since {g;} 1 = ),..., k) 15 in 16k) ahese exists a seguence (b, )i = 1., k)
in 1,(k) satisfying the desired conditions. Q.E.D.

The following definitions, although formidable, help simplify statements of
propositions and their proofs.

DEFINITION 2.2. A in W is p-discontinuous if there exists {g,} in
L(X. W, p) such that
(1) llgnll= t (4 A suppgs) = 0;

(2) [i8ndn = OQ;thereis € > 0, € < w such that e < | £.(x)| < C for
almost all x in 4;

(3) g,—0,and
(4) Tg,— Cixa with C, # 0.

W is p-discontinuous if A is p-discontimuoys for all 4 in W.

DErFINITION 2.3, Let M be a subspace of L(X, W, p), 1 < q < o0, 4 in
W is (g, M)-discontinyous if it satisfies (a) or (b):

(@) x,isin M°

(b) thereexist{ g }in L (X, W, p),1 < p < o, 1/p + 1/g == 1, such that

() Ne.ll =1, pl# Asuppg,) = 6;
2) g, isin M for all n;

(3) g.—0;and

4 Tgn— Cuxa,C, #0.

Let M be a subspace of L(X, W, n), | < g < oo. Then W ic (g, M)-discon-
tinuous if A is (g, M)-discontinuous for all 4 in W.

PROPOSITION 2.1. Let M be a closed subspace of L(X, W, u). If W is
(g, M)-discontinuous, then every simple function is an element of K(M).

Proof. Letr =73, aj, be an arbitrary simple function, Since W is
(¢, M)-discontinuous there is for every j a sequence {g.(4;)} in M° with
Tg.(4;) = C, x4, - Choose b;suchthat C, b, = a; . Letr, = S b Tg.(A4)).
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By Lemma 2.2, there is a linear functional v, = z;=1 d;8,(A4;) such that
(vn,r,) = | ralland || v, || = 1. Hence r, is in k(M). But

8 8
rp = Z b;Tg(A;) — z X4, = T-

i=1 i=1
Therefore r is in K(M). Q.E.D.

The following lemma is highly technical, but is needed to obtain the major
results of this section.

LemMa 2.3. Let {g,}, {f .} be elements of L (X, W, u) and A € W be such
that

(1) (4 A suppf,) = 0 for all n;
(2) thereexists 0 < C < 0, € > Osuch that € < | g (x)| < C for almost
all x in A, for all n;

(3) |gnl|7'sgn(g,) — g; and
@) f,, — O uniformly except on a set of zero measure.
Then | g, — fo 1”7 sgn(gn — f2) — &

Proof. Recall thatif £, , fare elements of L, (X, W, u), | < g < o, then
fo— fif and only if {f,} is bounded and [, f, du — [, fdu for all 4 in W
such that u(4) < oo. Since f,, — 0 uniformly except on a set of zero measure
and | g,(x)| < efor all n and for almost all x in 4, there exists N(¢) such that
for all n > N(e), sgn(g, — f.) = sgn(g,) except on a set of zero measure.
Thus for all n > N(e),

| 180 — ful?7t sgnlgn — fu) — | gn 177" sgn(gy)]
= | lgn an ‘p—l - Ign |p_1 [

except on a set of zero measure. Let B be an arbitrary set of finite measure in
W. Then

‘ J’B (| En —Ja 11)_1 Sgn(gn _fn) - g) d’.l, l
< ‘L (| gn — fr |7 Lsgn(gn — fr) — | gn |71 580(gy)) dp

+ | J.B (| gn 17 sgn(g,) — &) du I
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The second integral can be made arbitrarily small since | g,, [*~! sgn(g,) — &.
We now consider the first integral. By our initial remarks we have

|| gn—tu 17 sgn(en — ) — | £ 17 sen(g) dp
<f Il gn — ful?? — | gu 17 |du  forall n > N(e).
B

Case 1: 1 <p < 2. By using the inequality of [8, p. 155] we have
Jo|lgn—ful? — | gu|?* | du < [p|fui?du. But f, —0 uniformly
except of a set of zero measure. Hence the first integral can be made arbitrarily
small.

Case 2: 2 < p < . Since for all n > N(e), |fu(x)] < e ae. and

g+x)| < C for almost all x in 4, we have | g.(x)| and | g,(x} — f.(x)| are

elements of the finite interval [0, C + €] for almost all x in A. By using the
fact that | - |*~1 is a convex function for p > 2, we have

|| ga(x) — fo()1P — | ga(®)1?7 | < Cy | £,

for almost all x in A, where C; depends on e p, and C. Since
u(d A suppf,) = O for all n, we apply this inequality to the first integral
obtaining [5 |l g2 — fu 171 — | £ |22 | du < Cy [5 | £, | dp where C; depends
on ¢, p, and C. But again f,, — 0 uniformly except on a set of zero measure.
Hence the first integral can be made arbitrarily small.

It remains to show that |g, —f,|?! is L, bounded. But since
w(4 A suppfy) = Oforallnand | g, |”* sgn g, — g, we have | g, — f,, [?~!
is L, bounded on X\4 and by previous remarks | g,.(x) — f.(x)| is bounded
for almost all x in 4 and hence | g, (x) — f,(x)|?* is L, bounded on A.

Hence | g, — 1 17 sgn(g, — fu) — & Q.E.D.

PrOPOSITION 2.2. Let M = span(z; |i = 1,...,m) be an m-dimensional
subspace of L(X, W,u), 1 < q << 0. Let A be an element of W such that
w(A) < oo. If A is g-discontinuous then A is (g, M)-discontinuous.

Proof. Let M, = span(z;y, | i = 1,..., m).

Case 1: dim M, = v where 1| < v < m. Since dim M, = v, there exist
t;, i = 1,..., v such that supp ¢, is in 4 and M, = span{t,xy, | i = 1,..., v).
Let { g,,} be the sequence satisfying the conditions of Definition 2.2. This exists
since A4 is g-discontinuous. Let c(n, t;) = [, gat; du. Note that c(n, ;) is well
defined since g, is bounded almost everywhere on 4 and 7, is in L,. Let
M; = span(t;x4 | i # j,i = 1,..,v). M; is contained in LJA4, Z(A), u),
a finite measure space, where 2(4) is the o-field induced by the set A.
M; C Ly(A, 2(A4), p). M; + {0} by hypothesis of Case 1. Since M; is a closed
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subspace of L,(4, Z(4), p) and t,x,, is not an element of M; , there exists an A;
in L.(A4, 2(A), 1) such that (¢, k) = O for all ¢ in M; and (t;x,,h) = 1
[2; p. 64]. Hence 4; is in L, (A4, Z(4), ). Thus A; is in Lo(A4, Z(4), p) N

Ly(A, Z(4), ). Set fn = g, — Ty €0t 1) hyga . { i isin LY, W, p). Also
ng,,t dp = [48atidu — 3, c(n, t)) (o thydu = c(n, t;) — c(n, 1)) = 0. Thus
&, is in M ,® and hence in M°, since p(4 A suppg,) = 0. We remark that
e(n, t;) -0, since g,— 0. Hence Z};l | e(n, )] — 0 as n— oo, Let
So=3scm t) hixa. Since h; is in L.(4, Z(A), p), we have f, — 0
uniformly except on a set of zero measure. Hence g, can be written as
n = gn—Jfn- Clearly || §,1l, <[ 8allp +I/nll,. Since f; — O uniformly
except on a set of zero measure and || g, !l = 1 for all n, | 8, || — 1. Thus
there exists N such that for all » > N(1/2), || .1, > 1/2. For n > N,
define v, = £,fl £, 1. Without loss of generality we assume N = 0. To show
v, — 0, it suffices to show g, — 0. But g, = g, — f,,, where g, — 0 and
Jfn— 0. Hence g, — 0. To show Tv, — C,x,; C4 # 0, it suffices to show
| 8, 1P 1sgn( §.) — Coxa, C, 5 0. But §, = g, — f,, satisfies the conditions
of Lemma 2.3. Hence Tv, — C x4, C4 # 0. Thus {v,} satisfies condition (b)
of Definition 2.3 of A being (g, M)-discontinuous.

Case 2: dim(span(t;x,|i=1,...,m))=1. Thenspan(t;y,|i=1,..,m)=
span(ty ) forsome rin L(X, W, ). ¥ {, 1 dp = 0, x4 is in M®and A satisfies
condition (a) of Definition 2.3 and hence is (g, M)-discontinuous. 1If
fA tdu £ 0, set g, = (1/u(4)) xa — (fA &n td‘u/fA tdu) x4 . But g, has the
same properties of the g, discussed in Case 1 and hence we have the result for
Case 2. Q.E.D.

ProrositioN 2.3.  Let B be a ring. Let (X, 2(B), 1) be a a-finite measure
space. Let M be a closed subspace of L{X, X(B), n). If for all A in B, 4 is
(g, M)-discontinuous, then every simple function is an element of K(M).

Proof. Letr= Y, anx., be a simple function with 4, in B. By the
proof of Proposmonz 1,risin K(M) Lets = X, a,xs, where B, is in 2(B).
Let € > 0 be given. Then by [3, p. 56] there exists An in B such that
w4, A B,) < e. Hence

m m q
hr—sj={ ~ % aya| du
X ip=1 n=1

lean||XB—‘XA tdp < Z{anlqsq

n=>x1

Thus || r — 5|, can be made arbitrarily small. Since K(M) is norm closed and
simple functions of the form of r are in K(M), we have 5 is in K(M). Q.E.D.
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The following measure theoretic concepts and facts can be found in
[3, Sec. 41].

DermviTION 2.4, Let (X, W, n) be a finite positive measure space. A
partition of an element E in W is a finite set P of disjoint elements of W
whose union is E. Let P = (E, ,..., E,) be a partition of E in W. Define the
normof Ptobe || P|| = max(u(E;) | { = 1,..., n). A sequence of partitions {P,,}
is called dense if to every element E of W and to every € > 0, there exists an n
and E, in W such that Ey = (J,.r E;, and u(E A E,) < €, where the E; are
in the partition P, and F is a finite index set.

Fact 2.1. If Y is the unit interval in R, B the class of Borel subsets of Y,
m Lebesgue measure on B and if {J,} is a sequence of partitions of Y into
intervals such that lim, .. || @, | = O, then {Q,} is dense.

The next two results are concerned with the particular measure space
(R, B, m) where B is the class of all Borel sets of R and m is Lebesgue
measure.

ProrosITION 2.4. Let I be a finite interval in R in the measure space
(R, B, m). Then I is p-discontinuous, 1 << p % 2 < 0.

Proof. Let P, be the canonical partition of I into 2" distinct disjoint
intervals I(j, n) where j = 1,..., 2%, with m(I(j, n)) = 1/2"m(I). We note that
if I(j,n + 1) 18 in P, then I(j, n + 1) C I(i, n) for some index i. Also the
sequence {P,} in dense by Fact 2.1. For each n and for each I(j, n), we form
the two disjoint intervals I(j, n, 1) and I(j, n, 2) contained in I(j, n) such that
m(I(j, n, 1)) = 3m(I(j, n, 2)). Define the functions f,, on I as follows for each
":fn(x) = ?:1 Xi':(cz)nl) - 3X;£(Ei),n‘2) . Note that {fn} Is in Lp(Rs Bs I’l) since

Al2 = 3 (nlIG, m, 1)) + 3om(IG, n, 2))

i=1
on

= 2. B+ 39 mI, n,2)) = (B3 -+ 37)1/4) m(I).

i=1

We normalize £, , setting g, = £/l /. |l. Clearly [[g,]l = 1 and g, satisfies
condition (1) of Definition 2.2. Since supp g, = 1, we have

[ gudm = [ godm =11 [ S do

= (/Ilfa1) 22 (m{I(i, n, 1)) — 3m(I(G, n,2))) = 0.

i=1



358 JOSEPH M. LAMBERT

It is clear that 4/((3 4+ 3®) m(D)) < | g.(x)] < (4 - 3)/((3 + 37) m(D)) for all x
in I. Hence { g,.} satisfies condition (2) of Definition 2.2.

We note that {f,} are uniformly bounded on I. Denote this bound by M, .
To show g, — O, it suffices to show f,, — 0. Hence it is sufficient to show that
given any Borel set D in B with m(D) << o0 and given € > 0, there exists an
N(e, D) such that | [, f, dm | < e for all n > N(e, D).

Case 1: DN I = & is trivial.

Case 2: E=DnIs @. Since ECI, we have by the implication of
Fact 2.1 that there exists an N(e, E) such that there exists an Ey = (J;er I(j, N)
with m(E A Ey) < €, where F is a finite index set. Thus | [gf,dm | <
| Jefodm — on fodm| + | on f. dm |. By construction j'Eo fndm = 0 for all
n > N(e, E). But

UEf,,dm—fEf,,dml < ng |f,,|dm| < Myn(E A E)) < Me.

Setting €' = M, - e we have | [, f,,dm | < € foreveryn > N(¢', D) = N(¢’, E).
Hence { g,.} satisfies condition (3) of Definition 2.2.

It remains to show that 7g, — Cpx;, C; # 0, in order to show {g,}
satisfies condition (4) of Definition 2.2,

Tg. = T(fu/llfal) = QLS IP7D 1 fa 1771 sg(fa)

2"

-1 2"
= (/I f=lI"H Z X1ti,n,1) — 3X16,n,2) sgn (Z X1G,n,1) — 3X1(i,n,2))
=1 i=1
2‘"
= AP D Y xttnn — 32 X160
i=1

because of the disjoint supports of the x;(,..5 . Hence
2"
f Tg, dm = f Tg,dm = (1) fn ”p"l)f (Z XiG.n,1) — 3”'1X1(i.n.2)) dm
R I I'\i=1
21!
= (1faPD) Y, (UG, n, 1)) — 372m(I(, n, 2)))
=1

= (Il /a IPHBA — 3772 m(I))/4.

Since p # 2, [, Tg, dm = Cim(I); C; # 0.

‘We remark that since || £, [|?~! is a constant for all n, to show 7g, — Cxy,
it suffices to show Tf, — K,x; where K is the nonzero constant such that
|1 Tf,, dm = Kym(I). Also we note that {If,} are uniformly bounded on I.
Denote this bound by M, .
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To show Tf, — Kjx;, it suffices to show that for any Borel set D
of finite measure and given e > 0, there exists an N(e, D) such that
| fp Tfudm — K; [px;dm | < ¢, for alln > N(e, D).

Case 1: DN I = & is trivial.

Case 2: DNn1I= FE # @. For the same reasons as before we obtain an
N(e, E) and E, such that m(E A E;) << e. Thus

[ fE T, dm — fE Kpx1dm '

< HETf,,dm—L Tfndml+

J. Tfndm—‘K]f x,dm‘
E, E
< Myg(E A Ey) + | Kim(E,y) — Kym(E)),

since [g Tf, dm = K;m(E,) by construction. Therefore
| [ Thwdm — [ Kixsdm | < (v, + 1 K ) m(E & E) < (Mr, + | K2

Thus Tf,, — K;x; . Hence { g,} satisfies the conditions of Definition 2.2 and I
is p-discontinuous. Q.E.D.

The following result characterizes K(M) for any finite dimensional subspace
M of L(R, B, m).

THEOREM 2.1. Let M be a finite dimensional subspace of L R, B, m),
1 < g +# 2 < . Then K(M) = LR, B, m).

Proof. Let I be any interval in B. Proposition 2.4, I is g-discontinuous.
By Proposition 2.2, I'is (g, M)-discontinuous. Since B is the o-field generated
by finite unions of disjoint intervals, we have every simple function is in K(M)
by Proposition 2.3. But K(M) is norm closed and the simple functions are
dense in L(R, B, m). Q.E.D.

To conclude this section it should be noted that the results can be extended
from LR, B, m) to L(X, W, n) where (X, W, n) is a separable nonatomic
measure space. A reference for the measure theoretic concepts is [3, Ch. VIII].
The technique is to note that there exists an isomorphism between every
separable nonatomic normalized measure algebra (W, u) and the measure
algebra of the unit interval [3, Section 41, Theorem C]. Since the isomorphism
is a measure preserving transformation we can relate the integrals over the
measure spaces by [3, Section 39, Theorem C]. It can then be shown that X is
g-discontinuous by taking the sequence {f,} which satisfies Definition 2.2 for
the unit interval and checking that the sequence {f,, - L} satisfies Definition 2.2

640/11/4-6
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for the set X, where L: (X, W, u) — (I, B, m) is the isomorphism of the
measure algebras. This process is reasonably straightforward and yields no
new insight. So in particular, we have that given an arbitrary set 4 of finite
measure in W then A4 is g-discontinuous. But by Proposition 2.2, 4 is (g, M)-
discontinuous and by Proposition 2.3 every simple function is in K(M) and
such functions are dense in L(X, W, w). Hence we obtain

THEOREM 2.2. Let (X, W, u) be a separable nonatomic measure space. Let
M be a finite dimensional subspace of L (X, W, n), 1 < q 5 2 < o0, then
K(M) = L(X, W, ). Hence the metric projection onto M is not weakly
sequentially continuous.
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